We compared the efficiency droop of InGaN multiple-quantum-well (MQW) blue light-emitting diode (LED) structures grown on silicon(111) and c-plane sapphire substrates and analyzed the efficiency droop characteristics using the rate equation model with reduced effective active volume. The efficiency droop of the LED sample on silicon was observed to be reduced considerably compared with that of the identical LED sample on sapphire substrates. When the measured external quantum efficiency was fitted with the rate equation model, the effective active volume of the MQW on silicon was found to be~1.45 times larger than that of the MQW on sapphire. The lower efficiency droop in the LED on silicon could be attributed to its larger effective active volume compared with the LED on sapphire. The simulation results showed that the effective active volume decreased as the internal electric fields increased, as a result of the reduced overlap of the electron and hole distribution inside the quantum well and the inhomogeneous carrier distribution in the MQWs. The difference in the internal electric field of the MQW between the LED on silicon and sapphire could be a major reason for the difference in the effective active volume, and consequently, the efficiency droop.
Introduction
Over the last two decades, there has been remarkable progress in the development of GaN-based light-emitting diodes (LEDs). Owing to its high efficiency and eco-friendliness, LED-based solid-state lighting has been rapidly replacing conventional light bulbs in general lighting and display applications [1] [2] [3] [4] [5] [6] . However, the high cost of LED illumination sources is still a hindering factor for increasing their market penetration rate in general lighting applications. One prominent way of lowering the production cost of LEDs is to utilize silicon-based technologies. The growth of InGaN/GaN layers on silicon substrates has attracted great interest because of the low substrate cost and the availability of large size wafers. High-performance GaN-based blue LEDs on silicon have been achieved by overcoming the technological difficulty in their growth caused by the large mismatch in the lattice constant and the thermal expansion coefficients between silicon and GaN [7] [8] [9] [10] [11] .
Recently, one of the authors of this paper reported the experimental results of the comparison between the device characteristics of InGaN/GaN blue LEDs grown on silicon and sapphire substrates [12] . The efficiency droop of the LED sample on silicon substrates was found to be significantly lower than that of the identically grown LED on sapphire substrates. The reduced efficiency droop of the LED on silicon was attributed to its lower internal electric field [12] . It was shown that internal electric fields of InGaN multiple-quantum-wells (MQWs) on silicon was reduced by~40% compared to that of the MQWs on sapphire. The polarization-induced internal electric field has been known to increase the electron leakage from MQWs to p-GaN, which could aggravate the efficiency droop problem [13] [14] [15] . However, evidence of the polarization-enhanced electron leakage was not observed clearly by either experiments or simulations. More specifically, the underlying mechanism for the reduced efficiency droop of the LED on silicon was not clearly identified although, in a previous study, the efficiency droop was shown to be caused by the internal electric field [12] .
It is worth mentioning that as the internal field strength increases, the separation of electrons and holes in a quantum well (QW) increases and the carrier distribution in MQWs becomes increasingly inhomogeneous. This results in the reduction of the effective active volume, which contributes to the radiative recombination of electrons and holes. It has been reported that a reduction in the effective active volume of InGaN MQWs leads to a substantial increase in the efficiency droop [16] [17] [18] [19] [20] . Therefore, the influence of the internal electric field on the efficiency droop is expected to be explained by the reduced effective active volume due to the increasing internal field strength.
In this paper, we use the rate equation model with the reduced effective active region to interpret the difference in the efficiency droops of the LED structures grown on silicon and sapphire substrates. The ratio of the effective active volume to the physical volume of QWs is determined by fitting the measured external quantum efficiency (EQE) curve of LEDs on silicon and sapphire with the rate equation model. Then, the differences in the degree of efficiency droop and the strength of internal electric fields between LEDs on silicon and sapphire are interpreted by the difference in the effective active volume of InGaN MQWs using modeling simulations. It is demonstrated that, as the strength of the internal electric fields increases, the effective active volume reduces and the efficiency droop increases, revealing the reason for the reduced efficiency droop of LEDs on silicon compared to the LED on sapphire.
In Section 2 of this paper, the growth, fabrication, and characterization of InGaN/GaN LED structures on silicon and sapphire substrates are described. In Section 3, we present the rate equation modeling of the internal quantum efficiency (IQE) with reduced effective active volume and the simulation of the carrier and radiative recombination distribution in QWs. In Section 4, the relation between the reduced effective active volume and the efficiency droop is discussed through the analysis of internal electric fields and carrier distribution in QWs.
Experiments

Sample Growth and Fabrication
The epitaxial layers were grown on c-plane sapphire and silicon(111) substrates using metal-organic chemical vapor deposition. Figure 1 shows schematic diagrams of the layer structures grown on the sapphire and Si(111) substrates. For the growth on silicon substrates, many interlayers were employed between silicon and n-GaN to overcome the lattice and the thermal mismatches and to improve the efficiency of the LED on silicon. The GaN template on Si consisted of an AlN seed layer, an AlGaN buffer layer, a SiN masking layer, an undoped GaN coalescence layer, an AlN interlayer, and an n-doped GaN layer. The crystal qualities were compared using X-ray diffractometry, and threading dislocation density (TDD) measurements. The full widths at half maximum of the X-ray omega rocking curves were 350 and 320 arcsec for GaN/Si and GaN/sapphire, respectively. The TDDs of the GaN layers on sapphire and silicon were estimated to be 3.8 × 10 8 and 5.3 × 10 8 cm −2 , respectively. The X-ray and TDD data imply that the crystallinity of the GaN films on silicon is slightly worse than that of the films grown on sapphire. Here, we label the LED on sapphire and the LED on silicon as Sample A and Sample B, respectively. thicknesses of the InGaN QW and the GaN barrier are 3 and 8 nm, respectively. After the epitaxial growth, LED chips were fabricated as vertical current injection structures with dimensions of 1 mm × 1 mm. The fabricated LED chips were then encapsulated with epoxy resin and packaged as a surface-mount device. The packaged LED samples were soldered on a thick copper block and the temperature was controlled by a thermo-electric cooler (TEC). 
Electroluminescence Efficiency Measurement
For the electroluminescence measurements, the LED sample was placed inside an integrated sphere. The temperature of the sample was maintained at 25 °C by the TEC system. Pulsed currents with a pulse width of 0.5 ms and duty cycle of 1% were applied to the LED sample to reduce self-heating effects, and the device characteristics of the LEDs were measured. From the spectral measurements, the peak wavelength was observed to be ~445 nm at 350 mA for both Sample A, and Sample B. Figure 2 presents the EQE versus current relation (EQE curve) for the measured LED samples. The peak EQEs of Sample A and Sample B were 0.582 and 0.524, respectively. The higher peak EQE for Sample A resulted from its better crystal quality, as one can see from the TDD and X-ray measurement results. For relatively low currents <250 mA, the EQE of Sample A was higher than that of Sample B. By contrast, for currents >250 mA, the EQE of Sample B was higher than that of Sample A. Consequently, the degree of efficiency droop of Sample B was considerably lower than that of Sample A.
The internal electric field of InGaN/GaN QWs was investigated based on the reverse-biased electro-reflectance (ER) measurements [21] [22] [23] . The internal electric field was determined to be 1.50 MV/cm for Sample A and 0.92 MW/cm for Sample B [12] . The lower field strength for the QWs on silicon could be attributed to the reduced mismatch of the lattice constant between InGaN and GaN layers grown on silicon substrates compared with those grown on sapphire substrates. This interpretation is consistent with the previous strain measurement results of MQWs on sapphire and silicon by micro-Raman spectroscopy and high-resolution transmission electron microscopy [24] , which showed that the lattice mismatch between InGaN and GaN layers could be lower due to the larger lattice constant of GaN on silicon substrates. This difference in the internal electric field was regarded as a major reason for the difference in the efficiency droop of EQE between Sample A and Sample B [12] . Next, InGaN/GaN LED epitaxial layers were grown on each template of sapphire and silicon. The layer structures on the two templates are identical. The layers were composed of an n-GaN layer, 20 pairs of InGaN/GaN short-period superlattice layers for strain relaxation, five periods of In 0.015 Ga 0.085 N/GaN MQW layers, an AlGaN electron blocking layer, and a p-GaN layer. The thicknesses of the InGaN QW and the GaN barrier are 3 and 8 nm, respectively. After the epitaxial growth, LED chips were fabricated as vertical current injection structures with dimensions of 1 mm × 1 mm. The fabricated LED chips were then encapsulated with epoxy resin and packaged as a surface-mount device. The packaged LED samples were soldered on a thick copper block and the temperature was controlled by a thermo-electric cooler (TEC).
For the electroluminescence measurements, the LED sample was placed inside an integrated sphere. The temperature of the sample was maintained at 25 • C by the TEC system. Pulsed currents with a pulse width of 0.5 ms and duty cycle of 1% were applied to the LED sample to reduce self-heating effects, and the device characteristics of the LEDs were measured. From the spectral measurements, the peak wavelength was observed to be~445 nm at 350 mA for both Sample A, and Sample B. Figure 2 presents the EQE versus current relation (EQE curve) for the measured LED samples. The peak EQEs of Sample A and Sample B were 0.582 and 0.524, respectively. The higher peak EQE for Sample A resulted from its better crystal quality, as one can see from the TDD and X-ray measurement results. For relatively low currents <250 mA, the EQE of Sample A was higher than that of Sample B. By contrast, for currents >250 mA, the EQE of Sample B was higher than that of Sample A. Consequently, the degree of efficiency droop of Sample B was considerably lower than that of Sample A.
The internal electric field of InGaN/GaN QWs was investigated based on the reverse-biased electro-reflectance (ER) measurements [21] [22] [23] . The internal electric field was determined to be 1.50 MV/cm for Sample A and 0.92 MW/cm for Sample B [12] . The lower field strength for the QWs on silicon could be attributed to the reduced mismatch of the lattice constant between InGaN and GaN layers grown on silicon substrates compared with those grown on sapphire substrates. This interpretation is consistent with the previous strain measurement results of MQWs on sapphire and silicon by micro-Raman spectroscopy and high-resolution transmission electron microscopy [24] , which showed that the lattice mismatch between InGaN and GaN layers could be lower due to the larger lattice constant of GaN on silicon substrates. This difference in the internal electric field was regarded as a major reason for the difference in the efficiency droop of EQE between Sample A and Sample B [12] . 
Results
Rate Equation Modeling and Effective Active Volume
In the ABC rate equation model, the relation between the current, I and carrier density, N can be written as [15] [16] [17] [18] ] [
where q is the elementary charge, and Veff is the effective active volume of QWs. The parameters, A, B, and C represent the coefficient of Shockley-Read-Hall (SRH) recombination, bimolecular radiative recombination, and Auger recombination, respectively. Veff is the active volume that actually contributes to the light emission in QWs, which is believed to be smaller than the physical volume of QWs, V0. Here, we introduce a scaling parameter, k, which represents the ratio of the effective active volume (Veff) to the physical active volume (V0), is defined as
The IQE of LEDs is expressed as
Using Equations (1)-(3), the IQE versus current relation (IQE curve) can be obtained. We perform the fitting of the measured EQE curves of the LEDs on silicon and sapphire using Equations (1)-(3). According to References [25, 26] , for a given EQE versus current data, the IQE fit curve could be uniquely determined for any set of coefficients A, B, C, and k parameter. That is, the IQE fit curves are identical and hence the same peak IQE is obtained irrespective of the choice of A, B, C, and k parameters. Therefore, the uncertainty of the fit curves and IQE values for different sets of fit parameters could be negligible. Here, k and A are used as fitting parameters for given B and C values. The B coefficient is fixed at 1 × 10 −11 cm 3 /s, while the C coefficient is varied from 1 × 10 −31 to 1 × 10 −30 cm 6 /s considering the uncertainty of the reported C coefficient values [27] [28] [29] [30] [31] . Because the LEDs on silicon and sapphire have the same active layer structures and indium composition in the 
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Using Equations (1)-(3), the IQE versus current relation (IQE curve) can be obtained. We perform the fitting of the measured EQE curves of the LEDs on silicon and sapphire using Equations (1)-(3). According to References [25, 26] , for a given EQE versus current data, the IQE fit curve could be uniquely determined for any set of coefficients A, B, C, and k parameter. That is, the IQE fit curves are identical and hence the same peak IQE is obtained irrespective of the choice of A, B, C, and k parameters. Therefore, the uncertainty of the fit curves and IQE values for different sets of fit parameters could be negligible. Here, k and A are used as fitting parameters for given B and C values. The B coefficient is fixed at 1 × 10 −11 cm 3 /s, while the C coefficient is varied from 1 × 10 −31 to 1 × 10 −30 cm 6 /s considering the uncertainty of the reported C coefficient values [27] [28] [29] [30] [31] . Because the LEDs on silicon and sapphire have the same active layer structures and indium composition in the QWs, the B and C coefficients are believed to be the same. However, k and A can be different because of the difference in the crystal quality and effective active volume in MQWs. Figure 3 shows semi-log plots of the IQE fitting curves for LEDs on silicon and sapphire when C is 5 × 10 −31 cm 6 /s. The IQE curves for both samples fit reasonably well with the measured EQE data. The deviation of measured data and fit curves at low currents (<10 mA) are due to the measurement uncertainty of low light output power. The nearly perfect agreement at high currents (>100 mA) implies that the leakage current can be negligible in our samples. The best fits were obtained when k and A were 0.085 and 6.0 × 10 6 s −1 , respectively, for Sample A and 0.125 and 1.15 × 10 7 s −1 , respectively, for Sample B. The higher value of the coefficient A for Sample B indicates that it had a higher nonradiative recombination rate owing to the poorer crystal quality. The peak IQEs were obtained to be 0.743 and 0.676 for Sample A and Sample B, respectively. By comparing the measured EQE and the fitted IQE values, the light extraction efficiencies (LEEs) were obtained to be 0.787 and 0.779 for the LED on sapphire and silicon, respectively. The almost equal LEE values are reasonable considering that the chip and package structures of the two LED samples are identical.
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With k values vary significantly with the used C coefficient, the ratio of the effective active volume varies in the range from 1.43 to 1.48. That is, the effective active volume of Sample B is ~1.45 times larger than that of Sample A irrespective of the choice of C.
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Simulation of Carrier and Recombination Rate Distribution
The difference in the effective active volume between the two samples could be related to their difference in the internal electric field of the QWs. In the previous study, based on reverse-biased electro-reflectance measurements, the internal electric fields of the InGaN/GaN QWs on sapphire Figure 4b shows plots of the ratio of k of Sample B to the k of Sample A as a function of C. More specifically, it shows the relative ratio of the effective active volume between the two LED samples.
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The difference in the effective active volume between the two samples could be related to their difference in the internal electric field of the QWs. In the previous study, based on reverse-biased electro-reflectance measurements, the internal electric fields of the InGaN/GaN QWs on sapphire and silicon substrates were determined to be 1.50 MV/cm and 0.92 MW/cm, respectively [12] . Figure 5 shows the simulated energy band diagram and electron/hole concentration distribution in a QW corresponding to the QW of the sapphire and silicon substrates. For the simulation, we employed the simulation software, APSYS [32] . APSYS solves the QW band structures, the drift, and diffusion equations, and the carrier recombination rates self-consistently, and it has been widely employed for simulating the device characteristics of LED structures. The internal electric field in the QW separates the spatial distribution of electron and hole from each other. Therefore, electrons and holes are more separated in the QW on sapphire substrates, which have larger internal electric fields, as indicated in Figure 5 . The differences of the peak carrier concentration between electrons and holes are 1.98 nm for the QW on sapphire and 1.40 nm for the QW on silicon.
The larger is the separation of the electrons and holes; the smaller is the overlapped region of the electron and hole concentration. This means that the carrier recombination region can be reduced as the internal electric field increases. Figure 6a shows the simulated distribution of radiative recombination rates for the QW on silicon and sapphire along with the recombination rate of the QW without a polarization-induced electric field. The radiative recombination rate was also simulated using the APSYS program. In Figure 6a , the calculated radiative recombination rate was normalized to the peak for each case. With increasing internal electric field, the peak position shifts, and the recombination distribution narrows. Figure 6b depicts the distribution of the radiative recombination rate in five QWs for three cases of the internal electric field: without polarization, MQWs on silicon, and MQWs on sapphire. As the internal electric field increases, the radiative recombination rate in the MQWs becomes increasingly inhomogeneous, which results mainly from the restriction of hole transport from the p-side to the n-side QWs with increasing internal electric field [33] [34] [35] . For the QW without the internal electric field, the radiative recombination rate is reasonably uniform for five QWs. By contrast, for the QW on sapphire, the radiative recombination mostly occurs at the QW adjacent to the p-side layers. For the QW on silicon, although the radiative recombination rate decreases significantly from the p-side to the n-side QWs, the radiative recombination distribution of the MQWs on silicon is more homogeneous than that of the MQWs on sapphire. Therefore, the inhomogeneous recombination distribution in the MQWs could also partly explain the larger effective active volume of Sample B compared with that of Sample A. significantly from the p-side to the n-side QWs, the radiative recombination distribution of the MQWs on silicon is more homogeneous than that of the MQWs on sapphire. Therefore, the inhomogeneous recombination distribution in the MQWs could also partly explain the larger effective active volume of Sample B compared with that of Sample A. 
Discussion
In this section, we quantify the ratio of the effective active volume as a result of the carrier distribution in Figure 6 and compare it with the result of rate equation modeling in Figure 4 . The effective width of the radiative recombination deff is determined as the spatially integrated radiative recombination rate divided by half the peak radiative recombination rate: 
In this section, we quantify the ratio of the effective active volume as a result of the carrier distribution in Figure 6 and compare it with the result of rate equation modeling in Figure 4 . The effective width of the radiative recombination d eff is determined as the spatially integrated radiative recombination rate divided by half the peak radiative recombination rate:
where R rad (y) is the radiative recombination rate distribution and y is the vertical position across the QW layer. Using Equation (4), d eff of the QW without an electric field, that of the QW on silicon, and that of the QW on sapphire were calculated to be 3.09, 2.82, and 2.45 nm, respectively. That is, d eff of the QW without electric field was slightly larger than the physical width of the QW. d eff values for silicon and sapphire are smaller than the QW width, and d eff of the QW on silicon is 1.15 times larger than that on sapphire.
The effective active volume of the QWs on silicon was estimated to be larger than that of the QWs on sapphire by~1.45 times in Figure 4b ; therefore, the reduced radiative recombination width due to the separation of electrons and holes could only partly account for the reduced effective active volume. The remaining of the reduced effective active volume could be explained by the inhomogeneous distribution of carriers between QWs.
To quantify the effective active volume in the MQW region, we define the effective number of QWs as
where R i rad (y) is the radiative recombination rate distribution in the i-th QW and N is the number of QWs which is 5 in our LED samples. R 1 rad (y) is the radiative recombination rate distribution in the p-side QW that has the highest recombination rate between the QWs. For MQWs with perfectly uniform radiative recombination distribution, N eff is 5. If the radiative recombination occurs only at the p-side QW, N eff is 1. That is, N eff varies from 1 to 5 depending on the radiative recombination distribution in the MQWs. N eff was calculated to be 3.51 for the MQW without an internal field, 1.92 for the MQW on silicon, and 1.45 for the MQW on sapphire. The ratio of N eff for the MQW on silicon and sapphire is 1.32, implying that the effective active MQW width of the LED on silicon is 1.32 times larger than that of the LED on sapphire.
Recalling that the ratio of the effective active volume is~1.45, as shown in Figure 4 , and the ratio of the effective QW width (d eff ) is 1.15, as shown in Figure 6a , the ratio of N eff could explain the remaining 30% increase in the effective active volume for the LED on silicon. That is, the reduced effective active volume could be attributed to the combined effect of both the reduced active width of a single QW and the reduced effective number of QWs in MQW layers as a result of the internal electric field.
In addition to the internal electric field, the fluctuation of the indium composition inside InGaN QWs may significantly influence the reduction in the effective active volume. However, we believe that the degree of indium fluctuation between the MQWs on silicon and sapphire is not much different, because the structures of MQWs on silicon and sapphire are identical and both MQW layers were grown under the same growth conditions. Therefore, the difference in the effective active volume of MQWs on silicon and sapphire is mainly attributed to the large difference in internal electric fields, which leads to the reduction in efficiency droop for Sample B. The internal electric field in MQWs on silicon substrate could be further reduced by the strain control of the buffer layers, leading to even more reduced efficiency droop.
Conclusions
In this work, InGaN/GaN MQW blue LEDs were fabricated on c-plane sapphire and silicon(111) substrates, and their efficiency droop characteristics were compared and analyzed. The efficiency droop of the LED on silicon was considerably lower than that of the LED on sapphire. The IQE of the measured LEDs were analyzed using a rate equation model with reduced effective active volume. It was found that the effective active volume of the MQW on silicon was~1.45 times larger than that of the MQW on sapphire. The larger effective active volume in the MQW on silicon could be related to its lower polarization-induced internal electric field. Numerical simulations showed that the internal electric field could reduce the effective active volume significantly as a result of the reduced overlap of electron and hole distributions inside a QW and the inhomogeneous carrier distribution in the MQWs. It was demonstrated that the reduced effective QW width of a single QW and the reduced effective number of QWs in the MQW layers could explain the respective 15% and 30% increase in the effective active volume of the LED on silicon compared to that of the LED on sapphire. Consequently, the reduced efficiency droop of the LED on silicon could be attributed to its relatively larger effective active volume resulting from the lower internal electric field compared with the case of the LED on sapphire. Owing to its greatly reduced efficiency droop, the GaN-based LED grown on silicon substrates is expected to provide a great cost-effective solution for high-efficiency illumination applications. 
